Geometric shapes are identified with their features. For computational purposes a concrete mathematical definition of features is required. In this paper we use a topological approach, namely dynamical systems, to define features of shapes. To exploit this definition algorithmically we assume that a point sample of the shape is given as input from which features of the shape have to be approximated. We translate our definition of features to the discrete domain while mimicking the set-up developed for the continuous shapes. The outcome of this approach is a clean mathematical definition of features that are efficiently computable with combinatorial algorithms. Experimental results show that our algorithms segment shapes in two and three dimensions into so-called features quite effectively. Further, we develop a shape matching algorithm that takes advantage of our robust feature segmentation step. Performance of this algorithm is exhibited with experimental results.
Introduction
The features of a shape are its specific identifiable subsets. Although this high level characterization of features is assumed routinely, more concrete and mathematical definitions are required for computational purposes. Many applications including object recognition, classification, matching, tracking need to solve the problem of segmenting a shape into its salient features, see for example [9, 10, 17, 23, 28, 35] . Most of these applications need an appropriate definition of features that are computable. In the computational domains, often the shapes are represented with discrete means that approximate them. Consequently, a consistent definition of features in the discrete domain is needed to compute them reliably.
Different geometric and topological structures such as shock graphs [31, 29] , medial axes [22] and Reeb graphs ¡ A preliminary version of this paper will appear in the proceedings of Workshop on Algorithms and Data Structures 2003 (WADS 2003) . [17] have been proposed in the past for shape segmentation. Two notable topological approaches related to shape features are level sets method [30] and the topological persistence [13] . The level sets method use numerical techniques to compute features whereas we rely more on combinatorial means. This makes computations faster and more robust against numerical errors. Topological persistence method works with homological algebra to compute a signature of the shape that respects its features, but do not address the segmentation issue.
In this paper we use a topological approach, namely dynamical systems, to define features of shapes. This approach has been studied in the context of surface reconstruction recently [12, 15] . We assume that a point sample of the shapes is given as input from which features of the shape have to be approximated. We translate our definition of features to this discrete domain while mimicking the set-up that we develop in the continuous case. The outcome of this approach is a clean mathematical definition of features that are computable with combinatorial algorithms. For shapes in the plane we compute them exactly whereas we approximate them for shapes embedded in ¢ ¤ £ mimicking the two dimensional algorithm. Our experimental results show that our algorithms segment shapes in two and three dimensions into so-called features quite effectively.
We apply our feature segmentation technique to the shape matching problem, where a similarity measure is sought between two shapes. An usual approach in shape matching is to compute a signature of a shape and then comparing it with the signature of the other shape. Different quantities such as curvature distribution [3, 32] , wavelet coefficients [19] , Fourier descriptors [2] , geometric statistics [4, 33] , spin image [20] and shape distribution [24] have been suggested for shape signatures; see survey articles [1, 7, 23, 34] for more details. Another prevalent approach is to segment a shape into its salient features and then match the shapes based on the features and their spatial relationships [5, 6, 8, 16] . These feature based approaches depend mainly on the quality of the feature detection step.
We give a shape matching algorithm that takes the advantage of our robust feature segmentation step. Each significant feature segment is represented with a weighted point where the weight is the volume of the segment. Then, the shape matching problem boils down to matching two small weighted point sets instead of matching large point sets derived from the boundary of the shapes [18] . We carry out these steps so that the entire matching process remains invariant to rotation, translation, mirroring and scaling.
Flow and critical points
In shape segmentation and shape matching we deal with continuous shapes . Typically these shapes are bounded by one or two dimensional manifolds embedded in
respectively. In this section we outline a theory of the flow induced by a shape. Later we will use this theory to define and compute features of shapes. Here we will develop the theory in a more general setting by considering general shapes embedded in
Height function. In the following always denotes a compact subset of ¢ ¢ ¤ . The set can be used to define a distance function
Anchor set. Associated with the distance function, we define an anchor set for each point
is the set of closest point to in ; see Figure 1 . Note that B can contain even a continuum of points.
We would like to define a unit vector field . Instead of smooth and non-smooth points we will talk about regular and critical points in the following. Critical points are either local extrema or saddle points of the distance function. We use a generalized theory of critical points, see for example [25] , to derive the following definition. Orbits and fixpoints. Given § 6 $ 6 ¡ £ 7
and an induced flow
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, the curve
is called a fixpoint of
Basically, the orbit of a point is the curve it will follow if it were let move along the flow. 
Observation 1 The fixpoints of
The stable manifolds of all critical points partition
for any two different critical points § and f .
Discretization
To deal with continuous shapes algorithmically we discretize them. Here discretization means taking a finite sample of the shape ¡ £ 7
. That is, we replace by a finite subset of . The sample induces another vector field which resembles the vector field induced by provided is sufficiently dense in . The vector field induced by is intimately linked with the Voronoi-and the Delaunay diagram of . Moreover, the stable manifolds corresponding to the flow induced by this vector field are efficiently computable in dimensions two and three.
Let us first summarize the definitions of Voronoi-and Delaunay diagrams before we show how the concepts we introduced in the last section can be specialized to the case of finite point sets.
Voronoi diagram. Let be a finite set of points in
The sets are convex polyhedra or empty since the set of points that have the same distance from two points in forms a hyperplane. Closed facets shared by We always refer to the interior and to the boundary of Voronoi-/Delaunay objects with respect to their dimension, e.g. the interior of a Delaunay edge contains all points in this edge besides the endpoints. The interior of a vertex and its boundary are the vertex itself. Furthermore, we always assume general position unless stated differently. Now consider the distance function`as in the previous section but replacing with its discrete sample . Define critical points for`as we did in the continuous case.
The following lemma is known, see for example [12, 15] . We have a much more explicit characterization of the flow induced by a finite point set than in the general case. 
Lemma 2 Let be a finite set of points such that Voronoi and their dual Delaunay objects intersect in their interiors if

¢ £
can also be computed efficiently, see [15] . But already in ¢ £ the stable manifolds of index 2 saddle points and maxima are not given as sub-complexes of the three dimensional Delaunay triangulation. Nevertheless, we will show in the next section that these stable manifolds can be approximated by sub-complexes of the Delaunay triangulation.
Approximating stable manifolds
Our goal is to decompose a two or three dimensional shape into disjoint segments that respect the 'features' of the shape. In our first attempt to define features we resort to stable manifolds of maxima. So, we define a feature to be the closed stable manifold 
4
. As we observed earlier this boundary is partitioned by the stable manifolds of critical points of lower index. In ¢ V ¡ this means that Gabriel edges separate the features.
We also want to separate the features in
¢ £
by a subset of the Delaunay triangles. That is, we want to approximate the boundary of the stable manifolds of maxima by Delaunay triangles. These boundaries are made up from stable manifolds of critical points of index 1 and 2. The closures of the stable manifolds of index 1 critical points are again exactly the Gabriel edges. By Lemma 2 each critical point of index 2 lies in a Delaunay triangle which we call a saddle triangle. The stable manifolds of the index 2 critical points may not be contained only in the saddle triangles. This makes computing the boundary of the stable manifolds of maxima harder in
. Although it can be computed exactly, we propose an alternative method that approximates this boundary using only Delaunay triangles. We derive this method by generalizing a simple algorithm that computes the closed stable manifolds for maxima in
¢ ¡
exactly. In . To explain the algorithm we define a flow relation among Delaunay triangles which was proposed by Edelsbrunner et al. [14] for computing pockets in molecules. 
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are pairwise disjoint since no tetrahedron can flow into more than one maximum. We compute these sets as an initial segmentation of the shape represented by the finite sample ¥ . Most of the segments but not all of them lie in the interior of the shape. One can obtain only inner segments after reconstructing the boundary of the shape from its sample using any of the known surface reconstruction algorithms.
We sort the maxima in decreasing order of their strengths and process them in this order. So, when we process a maximum Merging all mergeable closed stable manifolds we obtain the feature segmentation of . For example, the middle two segments for the curve in Figure 5 respectively. The point samples for the 2D models are extracted from the boundary of 2D images. As a result they are quite noisy. Nevertheless, the models are segmented nicely. Our segmentation method can be applied to the point samples from molecular surfaces. The segmentation induces a decomposition of the surface which may be helpful in the molecular docking problem in drug designs [21] .
Matching
For shape matching we take advantage of our segmentation scheme by matching two shapes with respect to their features. Given a point sample ¥ of a shape , we identify a small set of significant features from our feature segmentation. These features are then mapped to a set of weighted points called the signature of . In order to measure the similarity of two shapes, we compare their signatures which boils down to matching two sets of small number of weighted points. are typically small (less than ten), checking all alignments is not prohibitive. Figure 6 : Segmentation of 2D and 3D models. In the leftmost picture of first row we zoom in the tail of the camel to show that the point sample is noisy as it is derived from the boundary extraction of a 2D image. The second row shows that the 3D models are segmented into so-called features. Third row shows how the segmentation can decompose molecular surfaces.
For each alignment we compute a score based on the matching of weighted points. Both a similarity measure (positive) and a dissimilarity measure (negative) are taken into account while computing the score. The maximum of all the scores is taken to be the amount of similarity and corresponding transformations give the best alignment.
Before we compute the score, the weights of the segments are normalized so that each weight is between 0 and 1. Next, for each point that do not have nearest neighbors in the other set within threshold distance contribute to a dissimilarity score which is equal to the negative of their weights. Finally, we add both similarity and dissimilarity scores to obtain the score of matching between the two shapes and ¡ . In Figure 7 and 8 we show the result of our matching for shapes in two and three dimensions, respectively.
Discussions and Conclusions
Our results have shown that the segmentation is quite robust against small variations in shapes. For example, the three human bodies in the first row of Figure 8 are segmented similarly, namely into head, torso, two hands and two legs. Also the two hands in the second row are segmented similarly into five fingers and the palm. This is due to the fact that our approach emphasizes topology more than local geometry. Topological features in terms of the height function change relatively less with the local changes in geometry. There are a number of open questions remain to be addressed.
In some cases the segmented features deviate visibly from the intuitive ones. For example, the fingers in the hand in Figure 6 do not get separated from the palm where they meet. A small stump remains attached to the palm for each finger. We believe that we need a refined merging strategy to tackle this problem.
Although we mimicked the definition of features from the continuous space to the discrete domain, there is no quantitative estimate of the approximation. Specifically, can we claim that if the sampling density is beyond a threshold, then all defined features in the shape are approximated well?
In the shape matching we used the volumes of the segments as the weight of the representative points. In a sense, we took the volume of a feature to be its signature. Are there other measures that capture the signature of a feature more effectively? Currently we are investigating all these questions. 
